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Abstract

This article presents a discussion of the findioga study of teaching and learning angles, follayw theoretical
framework that blends Realistic Mathematics Edwca(RME) and the van Hiele Modef Geometric Thinking.
These theories also informed the design, experiatient and evaluation of an introductory lessoritenidea of
angle, and the relations between angles of diffesizes in two different fourth grade classroontse Teachers for
the respective classrooms taught lessons thatlveeed on a script and materials prepared by tleargser. At the
end of the lesson the students provided writtepaeses to questions on what they had learned dtlvenpsson.
Their answers and classroom observations providesis for the evaluation of the experiment. Tseaech
findings suggest the usefulness of lesson plandtonyg RME and the van Hiele Model in helping stutde
develop an analytical conceptualization of angles.

Introduction

Previous research has shown that students tericditygke with angle conceptualization (Battista, 200lements &
Battista, 1992), due to the abstract nature ofenghd the multiple contexts in which angles carepessented.
This article presents research examining studeotteptualization of angles. The goal of the studg to
determine if a particular teaching method couldbecessful in helping Grade 4 students conceptutiz notion
of angle. To that end, a lesson plan was desigsieg) the teaching framework of Realistic MathenmsEducation
(RME), (Freudenthal, 1973; van den Heuvel-Panhui2e@1) the learning framework of the van Hiele ol
Geometric Learning, (National Council of TeachdrMathematics [NCTM], 1988; van Hiele, 1986) andchulis
definition of an angle (as cited in Sibley, 19988Y). The overarching aim of this study is to gasight into
whether a lesson taught according to RME teacliiegry can produce an analytical conceptualizatfangles
amongst Grade 4 students at one of the first tlernasds of the van Hiele Model.

Theoretical Framework

This research is informed by the theories of Rf#Eeudenthal, 1973; van den Heuvel-Panhuizen, 280dYhe
van Hiele Model of Geometric Thinking (NCTM, 198&n Hiele, 1986). The following section describédBRand
the van Hiele Model. A later discussion will expldiow they were incorporated into the lesson plan.

Realistic Mathematics Education (RME)

Traditional mathematics education is sometimesmedeto as mechanistic mathematics education (earttbuvel-
Panhuizen, 2001, p. 1). Students are introducetethematics as though it were a ready-made systegmiols
and solutions, wherein they mechanically drill pesbs by mimicking the procedure the teacher dematest.
Thus, mathematics becomes a very mechanical protedsch a true understanding might never readly b
achieved. RME is a Dutch response to such traditiorathematics education techniques. Founded fr@mvork of
Hans Freudenthal (1973), RME places an emphagisating mathematics education a relatable, usalgeresnce
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for students. This is achieved by emphasizing tections between the real world and the matheaiatiorld.
By staying close to reality, educators are ablgite mathematics a sense of value in which studemsdind real
life associations (Freudenthal, 1973).

The teaching theory of RME is comprised of five melaracteristics: (a) introducing a problem usirrgalistic
context; (b) identifying the main objects of thelplems and developing models of the problem wids¢hobjects;
(c) using appropriate social interaction and tenaftervention to refine the models of the problman optimal
representation for the problem; (d) encouragingptieeess of reinvention with the development ofalet for the
problem; and (e) focusing on the connections ancroraidactic aspects of mathematics in general (ean
Heuvel-Panhuizen, 2001). According to RME, theseatteristics must be enacted together in ordea fopic to
be taught appropriately (Freudenthal, 1973).

The van Hiele Model of Geometric Thinking

Central to the van Hiele Model is the concept thate are five levels or stages (Levels 0 to 4yeafmetric
thinking wherein students’ understanding coulddegivan Hiele, 1986). These levels are assumed seguential.
In order to ensure success at a higher level,destishould be successful at all of the previouslg Van Hiele
believed that if teachers were able to understhadite levels of geometric thinking, they would d&&de to assess
the level at which their students understand afusatheir teaching accordingly. The basic ideaautyihg the van
Hiele levels is that each higher level focuses mperties of the objects of attention of the presitevel. As well,
the van Hiele Model allows educators to developdasplans that move through the different levetpisatially.
The van Hiele Model provides researchers with méaork in which to study students’ learning stepd their
conceptualizing of geometry topics (NCTM, 1988; Virle, 1986).

Level O is the visual level in the van Hiele Mod@ébnceptualization at this level includes beingeablidentify,
name, and reproduce geometric objects by visualgrétion. Level 1 represents the level of propsried
descriptions. Conceptualization at this level ides identifying or describing geometric objectsoadimg to their
properties. Level 2 is the level of pre—deductiometationships. Conceptualization at this levehpoises being
able to identify relationships between the propsrtf a geometric object as well as relationshgis/éen different
geometric objects. Level 3 is the level of deductiBonceptualization at this level is connectedeaimg able to
deductively prove the relationships identified at/&l 2. Level 4 is considered the level of rigoonCeptualization
at this level involves being able to rigorously lgma the validity of the deductive system developetevel 3.

Literature Review

Several literary strands in the areas of mathemagieometry, teaching, learning, and conceptuaizatform this
study. In particular, this investigation is guid®gvarious angle definitions and studies on angleeptualization
in combination with the theoretical framework of EMnd the van Hiele Model that shaped this reseditul
section provides a review of the main literary teses on angles that have been employed withirinthisry.

Angle Conceptualization

There is an ample body of research that has bewfucted on the topic of angle conceptualizatiorr ¢ive last two
decades, as described in the Mathematics Eduddtiodbooks (Battista, 2007; Clements & Battista,2)9®ne
focus of angle conceptualization research in ttee88s and early 90s has been on the use of angkéagn
computer software, particularlyogo. Clement and Battista investigated whether ingitmgcstudents iogo could
help students conceptualize angles, shapes, andm{t989) and help with the conceptualizationhaf hotion of
angle and the angles of polygons (1990). AnothetsbfLogowas Hillel and Kieran’s (1987) exploration of how
students chose their inputs when instructing dettotmake an angle.

As research into the uselobgolessened, researchers began investigating studentseptualizations of angles in
realistic physical contexts. For example, Mitcheten(1998) examined how students in Grades 2, 46and
conceptualize an angle as a rotation or a turrxaynéning three-dimensional angle-making modelsa follow-up

2



CJINSE/RCJCE

of this research, still using physical models, Mé&knore and White (2000) investigated whether sitsleould
move from a conceptualization of angles as turnorg®tations to an abstract conceptualizationngfies in
general. In more recent studies, the use of phiysioee—dimensional models has moved towards a twén
embodiment. For example, Fyhn (2008) took a cl&$adrade 8 students to a climbing wall for a dajpétp them
understand angles through their physical motiomspasitions. Yet even with all of this work andfdient
approaches, the research suggested that studérasigggle with angle conceptualization.

Angle Definition

One of the challenges to teaching angles is tleethas been no single definition of the notioarofingle (Brown,
Simon, & Snader, 1970; Hartshorne, 1997; Sible981%obel, Maletsky, Golden, Lerner, & Cohen, 198&bster
Dictionary & Thesaurus, 2002). A review of angldiniéons shows three themes or categories emerdimg
particular, an angle can be categorically defiredither a geometric shape, a measure, or a dyrrataton
(Henderson & Tainmina, 2005). An example of an amgfinition that can be categorized as a geomgtiape is
that of Hilbert (as cited in Sibley, 1998), whoioted: “By an angle is meant a point (called thaasenf the angle)
and two rays (called the sides of the angle) enrapétom the point” (p. 294). Webster’s Dictionaagd Thesaurus
(2002) presents an example of an angle as a med8ureasure of an angle or the amount of turniegessary to
bring one line or plane into coincidence with orghiel to another” (pp.37-38). Lastly, MitchelmdiE998) gave an
example of an angle that is defined by dynamictimta“[an angle is] the amount of turning betweeo lines
about a common point” (p. 265). To summarize, aglewill belong to one definition category or anatlbased on
the context within which it is presented. Thugah be said that to understand a particular defiif an angle,
students must also understand the particular costiesation in which that notion of an angle isnegented.

Euclid’s angle definition was the one chosen fis gtudy because of its fit with the particulamfieworks of
Realistic Mathematics Education (RME) and the vaglddModel. Sibley (1998) offers Euclid’s angle idéfon as:
“A plane angle is the inclination to one anothetvad lines in a plane which meet one another andaldie in a
straight line” (p.287). This definition successfutionveys the physical and visual properties cémgle in
accordance with the first van Hiele Level (NCTM889. This study includes a lesson plan that intoedithe
notion of a flat angle. Since Euclid’'s definitiopexifically states that angles do not “...lie istenight line” (as cited
in Sibley, 1998, p.287), in the lesson plan, flaglas are represented as the result of adding aiggether that
produce a straight line. Overall, the lesson thaliscussed in detail below, follows Euclid’s défon while
focusing on the introduction of angles by recogrgzine inclination between two lines.

Methodology

The study that is discussed within this paper mmaised of the examination of the effects of adegslan on angle
conceptualization. The lesson plan that was us#usrstudy (see Appendix A) consisted of five dtigs that were
carried out sequentially within a Grade 4 classr@atting. Two Grade 4 teachers used the lessoniplaeir
classrooms. Class 1 had 25 students while Classl 26 students. Both of the classroom teachersaslaakthe
same local public elementary school. The lessoms veeight on different days, one week apart froohedher, so
the researcher could attend and observe the lessons

Prior to the planned lesson, the researcher mattivit teachers individually and provided them wailesson plan
package. This package included a copy of the legon(Appendix A), a set of teaching transparen{opendix
C), a set of blank transparencies, and one stwderkbook (Appendix B). At that time, the researcimstructed the
teachers to read through the lesson plan and dtthepctivities on their own before the date thatlesson would
take place. Each teacher met with the researclaén bgfore the lesson in person to answer anygassh
guestions.

The lessons took place during the usual math timtke regular classrooms, and they were taughtégtudents’
classroom teachers. A key part of this inquiry irred maintaining the regular classroom teachergfgruction
during the research lesson and positioning thengldesson during the regular time allotted forgtuely of math.
The maintenance of a routine for engagement in mdtication with the students was central for agrpretation of
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RME that was adopted for this investigation thaifged on the provision of an appropriate and t@altisntext
situation for math study.

On the days that the lesson took place the reseaachived with the materials for the studentsluding a student
workbook; a set of blank transparencies, and apamency pen for each student. In both classrottrasegular
math lesson occurred after a recess break and lstapproximately one hour. During recess, tloeeahentioned
materials were arranged on each student’s deswellsa small digital voice recorder was placedidiscrete
location in the classroom to audio—record eachmvbesdesson as it took place. The researcher obdahe lessons
from the back of the classrooms so as not to iatenfvith the students but could accurately see igateacher was
showing on the board. Observations were recordedhiotebook. At the end of the lesson, the reseadilected
the students’ workbooks that contained written oeses to questions from the final planned activitythe end of
the lesson, the researcher also collected thepiaaeiscies that the students used throughout tker&sactivities.

Sequential Lesson Plan Activities

In this sub-section, the main points of each offithe sequential activities are discussed. Defailach activity are
outlined, and reference is made to connections thighries about angles and angle conceptualizaanhermore,
a rationale is given for each lesson plan actiwiityh respect to steps and stages in RME and/ovdaheHiele
method.

Activity 1 was designed to introduce angles to shid in a way that was consistent with the RME thed using
realistic context situations and with Euclid’s eétfion of an angle. Using transparencies, the cphokangles and
right angles were introduced. To begin, two roadsanshown to the students. One road had a turnthaisdformed
an angle, while one road did not. The road withttite was presented with two lines that had arinatibn to one
another. Roads were also shown that intersectdidfetent angles in order to explore the idea efitfying right
angles with the students.

This activity also contained an exploratory exexdiz students. Using the first page of the studerkbook and a
blank transparency, students were asked to copartpkes they saw in the picture on the first pageeir student
workbooks onto a blank transparency sheet andeitify any right angles. The process of identifyirgcognizing,
finding, and reproducing angles was consistent teietthing the topic of angles beginning with Le¥elf the van
Hiele Model of Geometric Thinking. This process vaés0 consistent with the RME characteristic oisedvery, as
the students discover and copy the angles for tblwes

The next planned activity for the observed lessar designed to help solidify students’ visual ustierding of
angles to ensure that they were working at or witldvel O of the van Hiele Model. The activity alsmtinued to
use realistic context situations and rediscovemsgisistent with RME. Using blank transparenciesjeiis identified
and copied angles from pictures in their studentlbaoks that depicted mountains and a pair of GiEss

Following that activity, the students participatedan activity that was designed to introduce tbgam of a flat
angle and the idea of adding angles to make diffeargles. The teacher placed two right anglesviiea¢ drawn on
transparency sheets on the overhead projectorlianithe images together to make a flat angle. Qhisewas
demonstrated to the students on the overheadedichér asked the students to stand up and wowiirs ¢gn a
physical exercise. Each student needed to useohéis arms to make an angle that would produdatangle
when added together with a partner’s angle. Thisigcallowed for a level of social interaction astlined in
RME, because the students investigated anglestingthpeers. Figure 1 was provided for the teactiering lesson
planning to clarify the body action of this actjit
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Figure 1: Embodied angles

The activity took place in Level 0 of the van Hidlie®del in that it introduced students to a visua@eption of a
flat angle. It also represents Level 1 of the vaglédiModel in that it introduced the concept of imddangles
together to produce different angles, which isapprty of angles. The activity is important becatipeovided a
realistic context situation, namely the studentghdoodies, and it enabled students to embody ttiemof angles
and give tangible form to something abstract (Fesindl, 1973).

Activity 4 was the last instructional activity dfé lesson plan. This activity was designed to kstidents could
use the knowledge that was taught in the previatigites to re/discover a specific property abangles. This
activity required students to draw an arbitrargrigle and an arbitrary quadrilateral inside theirkldooks. Then,
using pieces of blank transparency, the students imstructed to copy the angles from their shamesadd them
up to see what happens. This activity assumesthdents have a good understanding of angle at Devkthe van
Hiele Model. It is also consistent with the teachiheory of RME in that it promotes a hands—onvitgtihat will
allow the students to re/discover significant prtips for themselves.

The final activity for the studied lesson was desigjto inform the teachers and the researcherg gimsatudents’
levels of understanding. For this activity, thedstots were asked to answer two questions in compeitences in
their notebooks. The questions were: “What was rolass about today?” and “What did you learn?”

Data Analysis

The data for this study were collected from a \grid methods. They included the students’ workbgokstions,
the lesson transparencies, the field notes takangithe in—class observation, and the audio—reszbrd
transcriptions made in each classroom. The data amalyzed as described below.

Written Student Responses

The students’ written responses to the two questidithe end of their workbooks were coded accgritircontent
and categorized as either narrative or analytfodwing an approach adapted from Fyhn (2008).ratare
responses were those that did not contain any mmeitieal response or description. Instead, theyadtbry about
what took place or expressed a personal opinidheotudents. These were divided into N1 and N2inditates
narrative responses that mentioned angles, whildé¥idtes responses that did not mention angles.

Analytical responses contained words or phrasasifscribed angles in a mathematical context. These
divided into A1, A2, A3, and A/E. Al refers to ayptital responses that described angles at the hésage of van
Hiele Level O (E.g. finding, recognizing, or, drag). A2 analytical responses described angleseaddiscriptive
stage of van Hiele Level 1. This included all resg®s that mentioned adding angles or putting atgigsher to
form different angles. A3 analytical responses noe@d something of the pre—deductive nature inmsg angles
at the informal deduction stage of van Hiele LexeDnly responses that dealt with Activity 4 feito this category.
A/E was a code used to describe analytical resgonik error. In addition, some responses requirdiferent
category, because they did not fit into the aboadyesis. These were responses that were left bimaie written
illegibly, or that were incomplete. Such responsese categorized as N/A.
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Student Transparende

The students’ transparencies were analyzed acgptdiwhether or not the students drew their angbesectly and
whether or not the students included an arc orrsgffier right angles) in the corner. An analysisagfs and squares
was included, because it was interesting to seerhamy students integrated this component to comjpihet
drawing of their angles. Drawing an arc was nobmgonent of the lesson plan, but both teachetsrimformally
or formally, instructed students to use arcs oasgslin the corners of their angles.

In—Class Observations and Audio—Recording Transionis

The in—class visits were analyzed according to ment observations. While no categorizations wessgmed,
records were maintained regarding teachers’ dewiatfrom the prescribed lesson plan. Classroomreditien data
were also analyzed according to notations of thetters’ methods of teaching, such as via open—emqaestioning
or class participation. Furthermore, general olet@as were documented about how the studentsmdspdao the
lesson, and unexpected events or behaviors. Thssswations were compared with the audio transoriptfor
analysis purposes.

Findings
The findings of this study are presented in terfrth® written responses, the study transparenaiesthe in—class
observations and audio—recording transcriptiorgnicant findings are noted for the individual st&s.
Comparisons are also made for the findings betwtmses in terms of similarities and differences.
Written Responses

The categorizations of the students’ responsesetavorkbook questions are presented below in TdbAeand 1B.
The numbers and percentages in the table reprissepbrtion of student responses of a specificrapdi

Table 1A:Class 1 Written Responses

Coding Q1 Q2
Al 11 (44%) 3 (12%)
A2 6 (24%) 11 (44%)
A3 1 (4%) 0
N1 3 (12%) 1 (4%)
N2 1 (4%) 5 (20%)
AE 2 (8%) 3 (12%)
N/A 1 (4%) 2 (8%)

Table 1B:Class 2 Written Responses
Coding Q1 Q2
Al 15 (57.8%) 10 (38.5%)
A2 1 (3.8%) 9 (34.6%
A3 1 (3.8%) 1 (3.8%)
N1 7 (27%) 3 (11.6%)
N2 1(3.8%) 1 (3.8%)
AE 1 (3.8%) 0
N/A 0 2 (7.7%)
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In Class 1, a total of 20 students out of 25, &%8answered at least one of the questions andlytidavelve
students provided analytic answers to both questionly one student made an A/E (error) respondaotim
questions. Many more students gave A2 responsé3uestion 2 than Al responses.

In Class 2, a total of 21 students out of 26, &8answered analytically to at least one of thestjoes. Sixteen
students answered analytically to both. Only oneé kesponse was made overall. One student answetled b
guestions at an A3 level. Classroom 2 also hadrf@&i£e AE, and N/A responses than Classroom 1.

Transparencies

Tables 2 through 5 represent the results collefcted the students’ transparencies. However, thesfrarencies
also presented some results that are not represienttee figures.

Table 2Transparency Results for Scissors Activity

Angles with  Some angles Angles Blank Angles drawn Missing
arcs with arcs without arcs incorrectly
Class 1 20 2 1 0 2 0
Class 2 9 0 13 1 2 1

For the scissor picture, two students in each dess some of their angles incorrectly. In Classrie student drew
lines on the sides of each of the legs of the arddsut did not connect the lines at the tip ofgbissors, thereby
excluding what is actually the angle. The othedstu copied the round shape from the scissors’lbarahd
identified those as angles. In Class 2, both oktbhdents that drew the angles incorrectly usecertt@n two rays.

Table 3:Transparency Results for Roadmap Activity

Angles with arcs Some angles with Angles without
arcs arcs
Class 1 24 1 0
Class 2 14 1 11

With the Roadmap, only one student in Class 1 desver than 20 angles. This student drew only seveyes. In
Class 2, the students who drew their angles withrns on the Roadmap had a variety of differentssayvhich
they labeled their right angles. Two students nmatkeir right angles with a dot, which is somethihgt the
teacher did in front of the entire class. Eightistuts marked their right angles with an “R”. Onedsint coloured in
a complete triangle in the corner of the anglesfaeh of the right angles.

Table 4:Transparency Results for Mountain Activity

Angles with arcs Some angles with Angles without
arcs arcs
Class 1 18 5 2
Class 2 7 1 18

Table 5:Transparency Results for Activity 4

Angles with arcs Some angles Angles without  Angles drawn Missing
with arcs arcs incorrectly
Class 1 18 3 3 0 1
Class 2 21 2 1 2 0

In Activity 4, one set of the transparencies thatevdrawn incorrectly had the edges of the shapgied but the
edges did not meet up with the corner, while theoset of transparencies had coloured in triarfgiethe angles
with no rays.
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In—Class Observations and Audio—Recording Transions

The researcher observed differences with bothehehers and the students in the two classroontisitgsaThe
teachers expressed differences in their attitunl@and undertaking the planned lesson on anglexhEe2 was
excited about the lesson plan, informed me thatseimpressed with it, and wanted to know moreuaboy
research and whether the researcher had develtpediesson plans she could try in her classroaacher 1 did
not mimic these opinions or feelings, but expreghatlit was “just another lesson.”

The teachers were also different in terms of thigiges in their professional careers. Teacher hheddy
completed her teaching career, and had actuallyrredl from retirement to teach for one more yedéineschool's
request. Teacher 2 was near the beginning of meecas a teacher.

At the same time, the teachers displayed variafiotiseir teaching methods for the research lesBoning the
lesson plan, Teacher 1 left out a number of thiginsonal transparencies and changed the ordsomok of the
instructions. Teacher 2 used all of the transpaesriuring the lesson and followed the order thaiésson plan
directed. Teacher 1 instructed the students todmthany angles as they could in the roadmap, rmmsntand
scissor pictures, which caused a time constraiat thee end of the lesson. Thus, Activity 4 was veished.
Teacher 2 limited the number of angles the studeats to find, which left more time for the othetiuities.
Teacher 1 started but did not complete the activligre the students form angles with their armschvivas a
component of Activity 3. Teacher 2 fully completiis activity with the class.

As well, Teacher 1 maintained a very high levetiistipline in the classroom. She would not allowday extra
talking from the students while they were complgtine activities. Teacher 2 was very lenient alstutlent
talking. She ignored the extra chatter that wasgoin when the students were working at their des&s result,
there were variations within the audio—recordedgcaiptions. The audio transcriptions that contdities teacher—
student interchanges differed in length. There vidrpages of text from Class 1 and seven pagexbfrom Class
2. This also reflects the amount of verbal instargt that was actually given to the students.

There were 50 recorded responses/questions mastedignts in Teacher 1's classroom, where somersside
responded more than once, and 23 recorded resporsiesby students in Teacher 2’s classroom, witteso
students responding more than once. This was esédigrat, within Class 1, there was more interadbietween
individual students and the teacher while the erdiass was listening. On the other hand, the relseaobserved
that Teacher 2 spent much more time helping stsdertheir desks while the students were completiagactivity
tasks. This was a different type of student—teatieraction. Unfortunately, the audio recording dot catch the
conversations between Teacher 2 and individuakstiscbecause of background talking.

Discussion

The majority of the written responses to the atiigiin the lesson plan for this study were codedralytical Al,
A2, or A3 regardless of the classroom. This mehatthe students’ answers described angles ar ¢igvel O or
Level 1 of the van Hiele Model. In regards to tliffedences, more students in Class 1 may have aeswe
analytically to both questions because of the alagiem that Teacher 1 instructed the students twéey detailed”
when filling in their answers. This comment may é#ed the students to feel they needed to respoadarrative
fashion, as though they were completing a narratinitng assignment.

A potential reason for the majority of A2 responseQuestion 2 (What did you learn?) for Class ghihbe that
the students had some previous experience withdheept of angle prior to the research lesson.éfboee, the
knowledge that the students reported to have ldanas more advanced information, like adding udesng
Unfortunately, the researcher did not test for jnes knowledge prior to the lessons. Other reseascti-yhn,
2008) have tested for prior knowledge before cotidgaheir studies and found that students did repo the new
knowledge obtained when questioned about whatlteyed.

When considering the A3 responses, the frequenmyrted from Class 1 and 2 is not different, eveugh Class 2
spent more time on the activity than did Class dw&ll, Teacher 1 did point out the results to ¥itti4 to her
class, while Teacher 2 specifically left out theulés. It could be concluded that the student es€loom 1 was
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repeating the information Teacherl told the clbdsre students in Classroom 1 may not have respoatiad A3
level because Teacher 1 rushed through Activifijivere also does not seem to be any direct reasen,adter
reviewing the observation notes and the audio trgpts, for having fewer A/E responses in Classrdbthan in
Classroom 1.

Conclusion

The results of this study suggest that a majofiitstodents in both classes gained an analyticatrstanding of
angles within at least Level 0 of the van Hiele Miod'his means that at a minimum, they comprehemdédual
representation of angles, with some starting tetbgvan understanding of the properties of andlbs.results of
the study also imply that the differences in hoe ldsson plan was implemented in the differentsctasn settings
did not interfere with the initial conceptualizatiof the notion of angles, because the results ffmrstudents were
similar in both Class 1 and 2. Given the dramaifiecknces in how the lesson plan was implemerntes was a
surprising result. Nevertheless, this study exefieglihe use of realistic context examples, suchidsn the
activity instructions and the pictures of the roagmmountains, and scissors, combined with thefise
transparencies to trace the angles, as a successfidgy for developing an initial conceptualiaatof angles
amongst students. For this reason, the RME apptoeaiefaching appears to be a promising methochfonducing
angles at this grade level.

Furthermore, proposed improvements to the lessomymed in this study include adding instructiom$iow to
draw or copy an angle within the first activity.i$kvould hopefully assist the students who werespled as
needing help with these processes. Classroom @ig®rs revealed that the lesson plan would alsefiitednom
leaving out Activity 4, since students tended toggle with adding up the angles in that activithe study would
therefore be improved with the inclusion of instroes on angle congruency prior to introducing ¢bacept of
angle addition. However, the findings of this stuligplay the use of transparencies as a very ssitdegay to
teach angle congruency, because students would bgaible to compare different angles by moving and
manipulating them to coincide on top of each other.

Future research might be conducted on more advaopéxb related to angle conceptualization. Legsans using
the methods of RME and the transparencies maystetfents discover the different properties of andlke angle
congruency, which was mentioned above. As wellctirecept of measuring angles is a natural nextaftep the
conceptualization of angles. A lesson plan mayéeebped to teach angle measurement using tramspesehat
would allow students to compare and manipulateeengtcording to measurement size. There is alsoateatial
to develop a series of lesson plans that folloviedconceptualization of the notion of angle frosiriitial
introduction to an understanding of angle measungénas it is part of the Grade Four curriculumstimmary, the
findings of this study support the notion that gsigalistic context problems and the teaching thebRealistic
Mathematics Education helps shape students’ uratatisty of angles in the particular ways outlinedhmsy van
Hiele Model of Geometric Thinking.
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Appendix A

The Lesson Plan used for the In-class Experiments

Directions: Follow the activities in order listed.

Materials needed:

-Handout containing context pictures and workshfseteach student
-Set of blank transparencies for each student

-Non-permanent pen for each student

-Transparencies referred to throughout the lessoteficher

Activity 1: Introducing angles and right anglesveed| as identifying them.

Place transparency #1a on the overhead

Refer to the first picture and tell the class “Troad has a turn, or an angle.”

Refer to the second picture and tell the studefités‘road does not.”

Place transparency #1b onto #1a on the overhead

Refer to the first picture and tell the class “Thd line and the blue line cross.”

Refer to the second picture and tell the class ‘TBddine and the blue line do not cross.”

Place transparency #2a on the overhead

Refer to the first picture and tell the studentié3e roads cross at an angle.”

Refer to the second picture and tell the studeRteSe roads cross at a right angle; they are peipédar.”
Place transparency #2b onto #2a on the overhead

Refer to the first picture and tell the class “Times cross at an angle.”

Refer to the second picture and tell the class ‘fifteecross at a right angle.”

Place transparency #3 on the overhead

Refer to the first picture and tell the studentshéfié the lines cross the angles are not equal thnsimes.”

Refer to the second picture and tell the studentisére the lines cross the angles are equal ondidis. When the
angles on equal on both sides, they are right arigle

Place transparency #4 (Road map) on the overhead

Ask the students to turn to his or her copy ofriteed map that is in the handout.

Tell the class “This road map is full of anglesinsoof them are right angles and some of them &g no
Using a clean transparency, ruler and non-permaantdemonstrate to the class how to copy an draggtethe
road map.

Ask the class to follow your example and copy a berrof angles (maybe 10) from the road map ontalesen
transparency labeled “Road Map”. Ask the studemtabel the right angles in the angles they hamed.

Activity 2: Finding angles in context pictures.
Ask the students to look at the pictures on pagg&tBe handout.
Tell the student “Each of these pictures has ariglésem.”
Ask the students to find the angles in the pictared copy the angles onto the clean transparelatieked
“Scissors” and “Mountains”.
Activity 3: Introduce the flat angle
Place transparencies #5a and #5b (the identidal aiggles) on the overhead. Make sure the rigiearopen in

opposition directions and are on the same axi® ¢{Ggram 1 for an example)
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Tell the students “Two right angles make a flatlarigWhile you tell them this, slide the two trg@sencies so that
the two transparencies line up and form a t-intdise.

Refer to the new figure and tell the students “@has of a flat angle lie in a straight line.”

Place transparencies #6a and #6b on the overhead

Like with the previous transparencies, slide thesetogether to line up.

Tell the students “If two angles are added togetimer make a straight line, their sum is a flat arigl

Ask two students to stand up. Have both studentemaight angle with their arms in opposition dtrens. Have
the two students slide shoulder to shoulder to destnate that the two right angles make a flat arighen have the
students hook pinky fingers on the hands that ale ¢ut in front and touching. Then demonstrate Husvstudents
can move those arms back and forth to form diffeseres and angles that will still sum up to a #agle. Get the
rest of the class to stand up and try the activitia a partner. (See diagram 2 for an example)

While students are still standing, have two groafsvo students each stand back to back and havsttidents with
the outside arms hook pinky fingers. This demotss$rto the students that the flat angle is definadine.

Activity 4: Adding up other angles

Adding up a triangle’s angles: Have the studerasvdany type of triangle in the handout on the dabeled
“triangle”. Make sure that each student makesamtylie that is different than his or her neighboFall them to use
three little pieces of transparency to copy theetdifferent corner angles. Then have studentsipdbe angles and
see if they can see something special about thétiresadded up angle. Ask the students to lodkisheighbors
work and see if there is something special abait #dded up angles. If they do not come to thelosion that the
angles add up to make a straight line (or sometian of that conclusion), then have the studespeat the
exercise with a different triangle.

Adding up quadrilateral angles: Have students drayfour-sided shape (does not have to be a sguaneen have
right angles) in the handout on the page labele@dglateral”. Make sure that each student makgpsaarilateral
that is different than his or her neighbor’s. Ttm to use four little pieces of transparencydpycthe four corner
angles. Then have the students add up the angleseanf they can see something special abouethdting added
up angles. Ask the students to look at his neighlwork and see if there is something special abieit added up
angles. If they do not come to the conclusion thatangles add up to make a complete circle (oesaamation of
that conclusion), then have the student repeagxbecise with a different four-sided shape.

Activity 5: Journal entry

On the last page of the handout ask students teesirthe two questions in complete sentences.
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Appendix B
The Students’ Workbook

y
Read Map

R\
=
[ ]

‘Find omﬁ\e,s i +he
Q{sure,

" Label the cuwgles that
are ciqht ongles
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Triangle:

Quadrilateral (four-sided shape):

What was math class about today (answer in full sentences)?

What did you learn (answer in full sentences)?
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Appendix C
The Teaching Transparencies
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Transparencies #1a and #1b were meant to be slogether as in the figure
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TW'S rood does not
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Th's road haos a
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18



CJINSE/RCJCE

Transparencies #2a and #2b were meant to be slogsther as in the figure below
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